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Abstract 

Given a compact manifold M, we prove that any bracket generat- 
ing and invariant under multiplication on smooth functions family of 
vector fields on M generates the connected component of unit of the 
group DiffM. 

Let M be a smootlil] n-dimensional compact manifold, VecM the space of 
smooth vector fields on M and DiffoM the group of isotopic to the identity 
diffeomorphisms of M. 

Given / G VecM, we denote by 1 1-^ e*-^, t G M, the flow on M generated 
by /; then e*-^, t G M, is a one-parametric subgroup of DiffoM. Let c 
VecM; the subgroup of DiffoM generated by e*-^, / G JF, f g M, is denoted 
by GrJ^. 

Theorem. Let T C VecM; ij GrjF acts transitively on M, then 

Gr {a/ : a G C7~(M), / G J^} = DiffoM. 

Corollary 1. Let A C TM be a completely nonholonomic vector distribu- 
tion. Then any isotopic to the identity diffeomorphism of M has a form 
g/i o ■ ■ ■ o e-^*, where fi, . . . , fk are sections of A. 

Remark. Recall that Gr{/i, acts transitively on M for a generic pair of 
smooth vector fields /i,/2- 
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We start the proof of the theorem with an auxihary lemma that is actually 
the main part of the proof. Let 5 C M" be diffeomorphic to a cube, G S; we 
set C^{B) = {a e C^{B) : a(0) = 0} and assume that C^{B) is endowed 
with the standard C°°-topology. 

Lemma 1 (Main Lemma). Let Xi E VecM", e C°°(M''), i = l,...,n, 
and the following conditions hold: 

• spari{Xi(0),...,X„(0)} = M", 

• ai{0) = 0, {doai, Xi{0)) < 0, i = l,...,n; 

then there exist e, e > and a neighborhood O o/(eai, . . . , ea„) |^ in C^{Bi;Y 
such that the mapping 

<l>:(6i,...,M^(e'^''^°---oe''"^")lB^ (1) 
is an open map from O into C^{Bir)'^ , where 

B, = {e''^^ o • ■ ■ o e""^"(0) : <e, i = l,...,n} . 

Sketch of proof. Openness of the map (1) is derived from the Hamil- 
ton's version of the Nash-Moser inverse function theorem [2]. Set a = 
(eai, . . . , ea„). In order to apply the Nash-Moser theorem we have to in- 
vert the differential of $ at a and show that inverse is "tame" with respect 
to a. Here we make computations only for fixed a and leave the boring check 
of the tame dependence on a for the detailed paper. 

Note that e^""^-^^ are closed to identity diffeomorphisms, hence |^|_ is 
obtained from T^-e^'"^' I by a closed to identity change of variables. We 
have 

aX 



o e 



This equality follows from the standard "variations formula" (see [T]) and 
the relation: 

Let us define an operator A{a,X) : C^{B^) ("^^j formula 
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where = \^e^-^{x) : \s\ < e, x G 11"^-^} and W^~^ is a transversal to X 
small (n — l)-dimensional box. We see that invertibility of A[eai^Xj), i — 
1, . . . ,n, implies invertibility of Da^. 

Now set X = {bX : b e C^(M)} C VccM. The map 

(bX) ^ {A{a,x)b)X 

has a clear intrinsic meaning as a linear operator on the space X; moreover, 
this operator depends only on the vector field aX e X. Indeed, 

{A{a,X)b) X = e;"^ {D^aX)Exp\^{bX)) o e""^, 

where DyExp is the differential at the point Y e VecM of the map 

Exp -.Y^e^, Ye VecM. 

Recall that a(0) = 0, {doa,X{0)) < 0. In particular, X is transversal to 
the hypersurface a~^(0). We may rectify the field X in such a way that, in 
new coordinates, X — a(0, X2, ■ ■ ■ , Xn) — 0. Now the field aX can be 
treated as a depending on y = {x2. . . . , x„) family of 1-dimensional vector 
fields a(xi, 1/)^. Moreover, a(0, y) = 0, ^(0, y) = a{y) < 0. 

A hyperbolic 1-dimensional field a(xi,y)-^ can be linearized by a smooth 
change of variable and this smooth change of variable smoothly depends on 
y. Hence we may assume that aX — a{y)xi-^. Then bo e*""^(xi,y) = 
6(e"(f)*xi,y). 

We thus have to invert the operator 
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acting in the space of smooth functions on a box. We can write 

y) = bo{y) + Xibi{y) + xlu{xi, y), 

where u is a, smooth function. Then Abo — ^(1 — e~°)6o, A{xibi) — Xibi 
and 




e«(2') 
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What remains is to invert the operator 

B : u(xi, y)^ u(rxi,y) dr. 

We set v{xi,y) = ^ /g^' u{s, y) ds; then 

{Bu){x,,y) = {v{x,,y) - e"(^)^;(e"(^')xi, 2/)) . (2) 
We introduce one more operator: 

R : v{xi,y) ^ e''^y\{e"'^y^xi,y). 



Let ||f||cfc.o = sup II £x 11(^0- Obviously, ||i?||c;fc,o < e^"P° < 1, ^k. Hence 

l<i<k ^ 

(/ — R)~^ transforms a smooth on the box function ip in the function (p — 

(/ — R)~^il) that is smooth with respect to xi. As usually, the chain rule for 
the differentiation allows to demonstrate that function is also smooth on 
the box and to compute its derivatives: 



dip 
dyi 



(/-i^^'(|*-e'■|^^^-e-|^^|^). e.t.c. 
\dyi dyi oyidxij 



Coming back to equation (2), we obtain: v — {I — R) ^Bu. Finally, 

d 

B-^:w^ — (xi(I - Ry'^w) . □ 
0x1 ^ ' 

Now set 

V = Gr{a/ : a e C~(M), f e , V, = {PeV: P{q) ^ q}, q e M. 
Lemma 2. Any q & M possesses a neighborhood Ug G M such that the set 

has a nonempty interior in C^iUq, M) , where C^(Uq, M) is the Frechet 
manifold of smooth maps F : Uq ^ M such that F{q) — q. 
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Proof. According to the Orbit Theorem of Sussmann [1] (see also the 
textbook [Ij), transitivity of the action of GrjF on M imphes that 

TqM = span{PJ{q) : p G GiJ^, f eJ^}. 

Take Xj = Fj^/j, i = 1, . . . , n, such that Pi G GrjF, /j G JF, and Xi(g), . . . , Xn(?) 
form a basis of T^M. Then for any vanished at q smooth functions ai, . . . , a^, 
the diffeomorphism 

e"'^' o ■ ■ ■ o e"^^" = Pi o e(''i°-Pi)-^i o P-f ^ o • ■ ■ o F„ o e^'*""^")-^" o P^^ 

belongs to the group Vq. The desired result now follows from Main Lemma. 

Corollary 2. Interior of the set (3) contains the identical map. 

Proof. Let O be an open subset of C^{Uq, M) that is contained in (3) 
and Po|^ e O. Then P^^ o O is a contained in (3) neighborhood of the 
identity. 

Definition 1. Given P G DiffM, we set suppP = {x E M : P{x) ^ x}. 

Lemma 3. Let O he a neighborhood of the identity in DiffM. Then for any 
q E M and any neighborhood Ug C M of q, we have: 

q G int {P{q) : P eOnV, supp P C Uq} . 

Proof. Let vector fields Xi, . . . , Xn be as in the proof of Lemma 2 and 
b G C°°(M) a cut-off function such that suppb C Uq and q G intb~^{l). 
Then the diffeomorphism 

g(si,...,s„) = e^i^^i o . . . o e^"''^" 

belongs to O for all sufficiently close to real numbers Si, . . . , s„ and 
suppQ{si, . . . , Sn) C Uq. On the other hand, the map 

^ Q{si, . . . ,Sn){q) 
is a local diffeomorphism in a neighborhood of 0. 

Lemma 4. Let [jUj = M be a covering of M by open subsets and O be a 
j 

neighborhood of identity in DiffM. Then the group DiffoM is generated by 
the subset 

{P G C : 3j such that suppP C Uj}. 
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Proof. The group DiffoM is obviously generated by any neighborhood 
of the identity. We may assume that the covering of M is finite and any Uj 
is contained in a coordinate neighborhood. Moreover, taking a finer covering 
and a smaller neighborhood O if necessary, we may assume that for any 
P E O and any Uj, the coordinate representation of P\^, has a form P : x ^-^ 

X + (/?p(x), where (/? is a C^-small smooth vector function. 

Now consider a refined covering |J Oi = M, so that Oi C Uj- for some ji 

i 

and cut-off functions Oj such that ai\oi = 1) suppui C Uj-. Given P G C, we 
set 

Pi{x) = X + ai{x)(pp{x), \fx G Uj- and Pi{q) = q, \fq E M \ Uj-. 

Then supp {P^^ o P) c suppP \ Oi. Now, by the induction with respect to 
z, we step by step arrive to a diffeomorphism with empty support. In other 
words, we present P as a composition of diffeomorphisms whose supports are 
contained in Uj. 

Proof of the Theorem. According to Lemma 4, it is sufficient to prove 
that there exist a neighborhood Ug G M and a neighborhood of the identity 
O C DiffM such that any diffeomorphism P E O whose support is contained 
in Uq belongs to V. Moreover, Lemma 3 allows to assume that P{q) = q. 
Finally, the corollary to Lemma 2 completes the job. 

Acknowledgment. First coauthor is greatful to Boris Khesin who asked him 
the question answered by this paper (see also recent preprint ^). 
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